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OHM, SIGRID E . ,  M .  S . ,  August ,  1965 MATHEMATICS 

SOME TOPOLOGICAL PROPERTIES OF HALFGROUPOIDS ( 2 9  p p . )  

D i r e c t o r  o f  T h e s i s :  Dr. T .  N .  Bhargava 

T h i s  t h e s i s  i s  p r i m a r i l y  a n  i n v e s t i g a t i o n  o f  t h e  s t r u c t u r e  

o f  a v e r y  g e n e r a l  a l g e b r a i c  s y s t e m ,  t h e  h a l f g r o u p o i d ,  i n  r e l a -  

t i o n  t o  a p a r t i c u l a r  t o p o l o g y ,  t h e  ( l e f t )  i d e a l  t o p o l o g y .  An 

e x t e n s i o n  o f  t h i s  s t u d y  t o  t h e  t h e o r y  o f  g r a p h s  i s  d i s c u s s e d  

i n  d e t a i l ,  w h i l e  some o t h e r  a p p l i c a t i o n s  and r e l a t e d  problems 

are ment ioned  on ly  b r i e f l y .  

If H i s  a h a l f g r o u p o i d  w i t h  b i n a r y  o p e r a t i o n  0 ,  and IL i s  

a s u b s e t ,  p o s s i b l y  empty, of H such  t h a t  H o I L t  IL, t h e n  IL 

i s  a l e f t  i d e a l  f o r  H ,  and t h e  s e t  o f  a l l  such  l e f t  i d e a l s  on 

a g i v e n  h a l f g r o u p o i d  i s  proven to c o n s t i t u t e  a t o p o l o g y  w i t h  

c o m p l e t e l y  a d d i t i v e  c l o s u r e .  The mapping of  t h e  f a m i l y  of a l l  

h a l f g r o u p o i d s  i n t o  t h e  f ami ly  of  a l l  p o s s i b l e  ( l e f t )  i d e a l  

t o p o l o g i e s  i s  found t o  b e  a many-to-one c o r r e s p o n d e n c e ,  and 

examples  o f  d i f f e r e n t  h a l f g r o u p o i d s  h a v i n g  t h e  same t o p o l o g y  

are g i v e n .  Al though t h e  h a l f g r o u p o i d  o p e r a t i o n  need  n o t  b e  

c o n t i n u o u s  u n d e r  t h e  ( l e f t )  i d e a l  t o p o l o g y ,  a s u f f i c i e n t  con- 

d i t i o n  f o r  c o n t i n u i t y  i s  p r e s e n t e d .  Also, b o t h  n e c e s s a r y  and 

s u f f i c i e n t  c o n d i t i o n s  f o r  t h e  t o p o l o g i c a l  s e p a r a t i o n  axioms 

T o  and T ,  t o  b e  s a t i s f i e d  a r e  p r o v e n ,  aQd t h e  p r o p e r t y  o f  

t o p o l o g i c a l  connec tedness  i s  i n v e s t i g a t e d  s p e c i f i c a l l y  i n  

terms o f  ( l e f t )  i d e a l s .  



Extend ing  t h e s e  r e s u l t s ,  mappings between t h e  f a m i l y  o f  

a l l  h a l f g r o u p o i d s  and t h e  f ami ly  of a l l  d i r e c t e d  g r a p h s  a re  

c o n s t r u c t e d  i n  s u c h  a way  as t o  e s t a b l i s h  a t o p o l o g i c a l  c o r -  

r e spondence  between t h e s e  t w o  m a t h e m a t i c a l  s y s t e m s ,  whereby  

t h e  ( l e f t )  i d e a l  t opo logy  i s  found t o  be  i d e n t i c a l  t o  t h e  

p r e v i o u s l y  known d i g r a p h  topo logy .  A s h o r t  s y n o p s i s  i s  g i v e n  

of  r e s e a r c h  done elsewhere on t h e  problem o f  r e l a t i n g  a l g e b r a  

and t o p o l o g y  from t h e  converse  p o i n t  o f  v i ew,  and b r i e f  men- 

t i o n  i s  made of  v a r i o u s  o t h e r  p o s s i b i l i t i e s  f o r  e x t e n d i n g  o r  

a p p l y i n g  t h e  r e s u l t s  i n  t h i s  t h e s i s  t o  o t h e r  f i e l d s  o f  mathe- 

m a t i c s .  F i n a l l y ,  i n  t h e  Appendix t h e r e  i s  a s h o r t  o u t l i n e  

o f  some o t h e r  ways o f  e s t a b l i s h i n g  c o n n e c t i o n s  among a l g e b r a ,  

t o p o l o g y ,  and g r a p h s  t o  y i e l d  u s e f u l  r e s u l t s  a p p r o p r i a t e  t o  

v a r i o u s  s i t u a t i o n s .  



PREFACE 

I n  t h i s  t h e s i s  o u r  pr imary  pu rpose  i s  t o  i n v e s t i g a t e  

t h e  r e l a t i o n s h i p  between a p a r t i c u l a r  t o p o l o g i c a l  s p a c e  and 

a v e r y  g e n e r a l  a l g e b r a i c  s t r u c t u r e .  We a l s o  d i s c u s s  some 

a p p l i c a t i o n s  and e x t e n s i o n s  of o u r  r e s u l t s  and t h e  r e l e v a n c e  

of  o u r  f i n d i n g s  t o  some p r e v i o u s l y  known r e s u l t s .  

With s i n c e r e  a p p r e c i a t i o n ,  w e  g r a t e f u l l y  t h a n k  

D r ,  T .  N .  Bhargava f o r  h i s  i n s p i r i n g  encouragement  and 

p a t i e n t  g u i d a n c e  t h r o u g h o u t  t h e  development  o f  t h i s  t h e s i s .  

We are a l s o  deep ly  i n d e b t e d  t o  Dr. P .  H .  Doyle (Mighigan 

S t a t e  U n i v e r s i t y ,  f o r m e r l y  a t  V i r g i n i a  P o l y t e c h n i c  I n s t i t u t e )  

f o r  h i s  many t h o u g h t f u l  comments and h e l p f u l  s u g g e s t i o n s  

r e g a r d i n g  t h i s  r e s e a r c h .  

F i n a l l y ,  we w i s h  t o  acknowledge t h e  f i n a n c i a l  s u p p o r t  
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I N T R O D U C T I O N  

One p o p u l a r  and p r a c t i c a l  t r e n d  i n  m a t h e m a t i c a l  r e s e a r c h  

i s  t h a t  toward a t t e m p t i n g  t o  d i s c o v e r  f u n d a m e n t a l  s i m i l a r i t i e s  

between t h e  many d i v e r s e  and i n c r e a s i n g l y  s p e c i a l i z e d  f i e l d s  

o f  ma themat i c s .  

e f f o r t s  c e r t a i n  b a s i c  p r i n c i p l e s  w i l l  be  found t o  b e  p r e s e n t  

and c o n s i s t e n t  t h r o u g h o u t  v a r i o u s  s u b j e c t s  i n  m a t h e m a t i c s ,  

t h e r e b y  t e n d i n g  t o  i n c r e a s e  t h e  u n i t y  and g e n e r a l  u n d e r s t a n d i n g  

o f  a l l  ma themat i ca l  i d e a s .  

G e n e r a l l y  i t  i s  hoped t h a t  t h r o u g h  t h e s e  

I n  t h i s  t h e s i s  we f o l l o w  t h i s  t r e n d  by i n v e s t i g a t i n g  

some r e l a t i o n s h i p s  between t h e  most g e n e r a l  a l g e b r a i c  s y s t e m  - 
t h e  h a l f g r o u p o i d ,  which c o n s i s t s  of  a s e t  H o f  e l e m e n t s  and a 

b i n a r y  o p e r a t i o n  - and a s p e c i f i c  t o p o l o g i c a l  sys t em - t h e  

( l e f t )  i d e a l  t o p o l o g y ,  i n  which t h e  open s e t s  a r e  s u b s e t s  

I S  H such  t h a t  H o I L.l. I .  Our approach  i s  p r i m a r i l y  t h a t  o f  

i n t e r p r e t i n g  c e r t a i n  t o p o l o g i c a l  p r o p e r t i e s  i n  terms of  t h e  

s t r u c t u r e  of  t h e  h a l f g r o u p o i d .  

I n  Chap te r  One we e x p l a i n  t h e  g e n e r a l  n o t a t i o n  t o  b e  

u s e d  t h r o u g h o u t  o u r  d i s c u s s i o n  and p r e s e n t  some p r e l i m i n a r y  

d e f i n i t i o n s  o f  some b a s i c  a l g e b r a i c  concepts. I n  Chap te r  Two 

w e  e s t a b l i s h  o u r  ( l e f t )  i d e a l  t opo logy  on a n  a r b i t r a r y  h a l f -  

g r o u p o i d  and t h e n  s t u d y  such t h i n g s  as c o n t i n u i t y  o f  o p e r a t i o n  

i n  t h e  h a l f g r o u p o i d ,  t h e  t o p o l o g i c a l  s e p a r a t i o n  ax ioms,  and 
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t o p o l o g i c a l  c o n n e c t e d n e s s .  

I n  Chap te r  Three  w e  e x t e n d  o u r  a n a l y s i s  of  a l g e b r a  and 

t o p o l o g y  t o  i n c l u d e  a t h i r d  f i e l d  of  ma themat i c s ,  t h e  t h e o r y  

of  g r a p h s .  We show t h a t  because  a h a l f g r o u p o i d  may be  t h o u g h t  

o f  as a s e t  on which i s  d e f i n e d  a t e r n a r y  r e l a t i o n ,  w h i l e  a 

d i r e c t e d  g r a p h  i s  a s e t  on which i s  d e f i n e d  a b i n a r y  r e l a t i o n ,  

t h e s e  two m a t h e m a t i c a l  sys tems a re  somewhat n a t u r a l l y  r e l a t e d ,  

and we c a n ,  i n  f a c t ,  f o r m u l a t e  a t o p o l o g i c a l  co r re spondence  

between them by d e f i n i n g  a mapping between h a l f g r o u p o i d s  and 

d i g r a p h s  u n d e r  which o u r  ( l e f t )  i d e a l  t opo logy  p r o v e s  t o  be 

i d e n t i c a l  t o  t h e  d i g r a p h  topo logy  p r e v l o u s l y  deve loped  by 

Ahlborn ( s e e  [l]). Thus we c r e a t e  a three-way c o n n e c t i o n  

between a l g e b r a ,  t o p o l o g y ,  and g r a p h  t h e o r y .  Nex t ,  we d i s c u s s  

b r i e f l y  a problem u t i l i z i n g  an approach  which i s  b a s i c a l l y  

c o n v e r s e  t o  o u r s ,  and f i n a l l y  we ment ion  v a r i o u s  ways i n  which 

t h e  r e s u l t s  p r e s e n t e d  i n  t h i s  t h e s i s  may b e  a p p l i e d  or ex- 

t e n d e d  t o  o t h e r  f i e l d s  of mathemat ics .  
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CHAPTER ONE 

PRELIMINARIES 

We b e g i n  by  e x p l a i n i n g  i n  g e n e r a l  terms t h e  n o t a t i o n  

t o  b e  used  t h r o u g h o u t  t h i s  t h e s i s .  I n  t h e  second  s e c t i o n  

we p r e s e n t  some backgrowid m a t e r i a l ,  p r i m a r i l y  i n  t h e  form 

o f  v a r i o u s  s t a n d a r d  d e f i n i t i o n s .  

1.1 N O T A T I O N  

Throughout  o u r  d i s c u s s i o n  w e  u s e  f a i r l y  s t a n d a r d i z e d  

n o t a t i o n ,  e s p e c i a l l y  as found i n  Doyle and Warne [ 8 ] ,  

K e l l e y  [lo], and Bhargava [31 .  For example ,  s e t s  a r e  d e n o t e d  

by c a p i t a l  l e t t e r s  A ,  B y  C y . . . ,  and f ami l i e s  o f  s e t s  by l a r g e  

s c r i p t  l e t t e r s  A ,  B ,  C y  . . .  . I n d i v i d u a l  e l e m e n t s  of  s e t s  are 

d e n o t e d  by small  l e t t e r s  a ,  b y  c y .  . . ,  which may b e  u n d e r l i n e d  

t o  a v o i d  c o n f u s i o n  w i t h  o t h e r  words ;  a s t a t e m e n t  to t h e  

e f f e c t  t h a t  - a b e l o n g s  t o  t h e  s e t  A i s  o f t e n  s h o r t e n e d  t o  

a E A .  The empty se t  i s  denoted  b y  4 ,  and t h e  complement of  

the s e t  S, by S .  A d i s t i n c t i o n  i s  made between a g e n e r a l  

s u b s e t  A G B ,  and a p r o p e r  s u b s e t  A C B .  

PI, 

The s e t  o p e r a t i o n s  of  u n i o n ,  i n t e r s e c t i o n ,  and C a r t e s i a n  

p r o d u c t  are  w r i t t e n  u, f l ,  and x ,  r e s p e c t i v e l y ,  and a 

n o t a t i o n  s u c h  as n { S  1 i n d i c a t e s  t h a t  t h e  i n t e r s e c t i o n  i s  
P 



t a k e n  of  a l l  s e t s  S 

c o n s i d e r a t i o n ,  whereas m { S Q l  i n d i c a t e s  t h a t  t h e  i n t e r s e c t i o n  

o f  t h e  s e t s  S a  i s  t a k e n  o v e r  an a r b i t r a r y  i n d e x  s e t ,  o f  

which Q i s  a g e n e r a l  e l e m e n t .  

h a v i n g  t h e  p a r t i c u l a r  p r o p e r t y  unde r  
P 

O t h e r ,  more s p e c i f i c ,  n o t a t i o n  w i l l  b e  e x p l a i n e d  as t h e  

need  a r i s e s ,  as i n  t h e  s t a t e m e n t s  of  d e f i n i t i o n s  or t heo rems .  

1 . 2  DEFINITIONS 

I n  t h i s  s e c t i o n  we d e f i n e  some of  t h e  b a s i c  c o n c e p t s  

u s e d  i n  a l g e b r a ,  p a r t i c u l a r l y  i n  c o n n e c t i o n  w i t h  h a l f g r o u p -  

o i d s  ( s e e  Doyle and Warne [ 8 ]  or Bruck [ 7 ] .  Most o f  t hese  

terms are ones  t o  which we r e p e a t e d l y  r e f e r  t h r o u g h o u t  o u r  

d i s c u s s i o n ;  a few o t h e r s  a r e  i n c l u d e d  f o r  t h e i r  g e n e r a l  

i n t e r e s t .  Terminology r e l a t e d  t o  o t h e r  f i e l d s ,  such  as 

t o p o l o g y  and g r a p h  t h e o r y ,  w i l l  b e  i n t r o d u c e d  when p e r t i n e n t  

t o  t h e  d i s c u s s i o n  of  a p a r t i c u l a r  t o p i c .  

D e f i n i t i o n  1 . 2 . 1  A ma themat i ca l  s y s t e m  i s  a s e t  o f  e l e m e n t s  

and a t  l e a s t  one o p e r a t i o n  d e f i n e d  for t h e  s e t .  ( T h i s  ope ra -  

t i o n  may have c e r t a i n  p r o p e r t i e s  and may be s u b j e c t  t o  

v a r i o u s  r u l e s . )  The o r d e r  of a sys t em i s  t h e  c a r d i n a l i t y  of  

t h e  s e t  o f  e l emen t s  i n  t h e  sys t em.  

We n o t e  t h a t  b e c a u s e  a m a t h e m a t i c a l  sys t em i s  t h u s  

i d e n t i f i e d  w i t h  i t s  s e t  o f  e l e m e n t s ,  t h e r e  w i l l  be  l i t t l e  

chance  f o r  c o n f u s i o n  i f  w e  u s e  t h e  same c a p i t a l  l e t t e r  t o  

d e n o t e  e i t h e r  t h e  sys t em or t h e  s e t  o f  e l e m e n t s  compr i s ing  i t .  
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D e f i n i t i o n  1 . 2 . 2  A b i n a r y  o p e r a t i o n ,  deno ted  by O ,  and 

d e f i n e d  f o r  a s e t  S ,  i s  a s i n g l e - v a l u e d  mapping o f  a s e t  

D G ( S  x S I ,  where ( S  x S )  = { ( a , b ) :  a , b  E S I ,  o n t o  a s e t  

R G S .  The se t  D i s  c a l l e d  t h e  domain of  d e f i n i t i o n  o f  t h e  

o p e r a t i o n ,  and t h e  s e t  R i s  c a l l e d  t h e  r ange  of  image v a l u e s .  

R i s  t h e  empty s e t  if, and only i f ,  D i s  a l s o  empty; i n  such  

a c a s e ,  w e  have a n u l l  s y s t e m .  

I f  ( a , b )  E D ,  w e  s a y  a o b i s  d e f i n e d ,  and i f  t h e  image 
% 

i n  R o f  ( a , b )  i s  -9 c w e  w r i t e  a o b = c .  I f  ( a , b )  E D ,  w e  s a y  

a o b i s  u n d e f i n e d .  

I f  M and N are  s u b s e t s  of S ,  t h e n  M 0 N i s  t h e  s u b s e t  

o f  R c o n s i s t i n g  o f  t h e  images of  t h e  e l e m e n t s  c o n t a i n e d  i n  

(M x N )  n D; t h a t  is, M o N = { c :  a 0 b = c ,  a E M y  b E N). 

The b i n a r y  o p e r a t i o n  i n  a sys t em of  f i n i t e  o r d e r  i s  

o f t e n  comple t e ly  e x h i b i t e d  i n  a Cayley t a b l e ;  w e  w i l l  have 

o c c a s i o n  t o  u s e  t h i s  method i n  s e v e r a l  examples  t o  b e  g i v e n  

l a t e r .  

It  i s  v e r y  i m p o r t a n t  t o  n o t e  h e r e  t h a t ,  f o r  o u r  p u r p o s e s ,  

i t  i s  u n d e r s t o o d  t h a t  a ma themat i ca l  sys t em has a c e r t a i n  

p r o p e r t y  i f  t h i s  p r o p e r t y  i s  p r e s e n t  wherever  t h e  o p e r a t i o n  

i s  d e f i n e d .  Thus i t  may be assumed t h a t ,  whenever t h e  o p e r -  

a t i o n  i s  u n d e f i n e d ,  any r equ i r emen t  i s  s a t i s f i e d  v a c u o u s l y .  

D e f i n i t i o n  1 . 2 . 3  A h a l f g r o u p o i d  H i s  a m a t h e m a t i c a l  sys t em 

c o n s i s t i n g  o f  a nonernpty s e t  o f  e l e m e n t s  for which i s  d e f i n e d  

a b i n a r y  o p e r a t i o n  h a v i n g  no s p e c i a l  p r o p e r t i e s .  
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D e f i n i t i o n  1 . 2 . 4  

t h e  domain o f  d e f i n i t i o n  o f  t h e  o p e r a t i o n  i s  t h e  e n t i r e  

C a r t e s i a n  p r o d u c t  H x H .  

A g r o u p o i d  G i s  a h a l f g o u p o i d  H i n  which 

The r e m a i n i n g  d e f i n i t i o n s  i n  t h i s  s e c t i o n  a re  f o r m u l a t e d  

i n  terms o f  h a l f g r o u p o i d s ,  b u t  o f  c o u r s e  a p p l y  i n  p a r t i c u l a r  

t o  g r o u p o i d s .  

D e f i n i t i o n  1 . 2 . 5  

i s  a subsys t em c o n s i s t i n g  of a nonempty s u b s e t  o f  e l e m e n t s  

of H ,  such  t h a t  S 0 S C S .  

A s u b h a l f g r o u p o i d  S o f  a h a l f g r o u p o i d  H 

D e f i n i t i o n  1 . 2 . 6  

i s  a subsys t em c o n s i s t i n g  of a nonempty s u b s e t  o f  e l e m e n t s  

o f  H ,  such  t h a t  A 0 A S A .  

An a n t i h a l f g r o u p o i d  A o f  a h a l f g r o u p o i d  H 

% 

We n o t e  t h a t  when t h e  p r e c e d i n g  two terms are  a p p l i e d  

t o  g r o u p o i d s  r a t h e r  t h a n  h a l f g r o u p o i d s ,  t h e  i n f i x  " h a l f "  i s  

d e l e t e d  s o  t h a t  t h e  terms become subgroupo id  and a n t i g r o u p o i d .  

D e f i n i t i o n  1 . 2 . 7  

s u b s e t  ILC H s u c h  t h a t  H 0 IL § IL. 

i d e a l  i s  a s u b s e t  I R C H  such t h a t  IR 0 H S  IR. 

i d e a l ,  as t h e  name i m p l i e s ,  i s  a s u b s e t  I S H which i s  b o t h  

a l e f t  and r i g h t  i d e a l .  

of a s i n g l e  e l e m e n t .  

A -- l e f t  i d e a l  f o r  a h a l f g r o u p o i d  H i s  a 

S i m i l a r l y ,  a r i g h t  

A two-s ided  

A p o i n t  i d e a l  i s  any i d e a l  c o n s i s t i n g  

Here we make a s p e c i a l  n o t e  o f  t h e  f a c t  t h a t  w e  w i l l  

c o n s i d e r  t h e  empty s e t  4 t o  b e  a t r i v i a l  i d e a l ,  e i t h e r  l e f t ,  

r i g h t ,  or two-s ided .  
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Because o u r  d i s c u s s i o n  th roughou t  t h i s  t h e s i s  i s  l i m i t e d  

i n  g e n e r a l  t o  c o n s i d e r a t i o n  o n l y  o f  l e f t  i d e a l s ,  t h e  d e f i n i -  

t i o n s  below are  s t a t e d  s o  as t o  c o r r e s p o n d  t o  t h e  l e f t  i d e a l ,  

i . e .  i n  terms o f  t h e  r i g h t  s i d e .  E x t e n s i o n s  o f  t hese  d e f i n i -  

t i o n s  t o  t h e  l e f t  s i d e ,  o r  bo th  s ides ,  can  b e  made i n  an  

obv ious  manner.  

D e f i n i t i o n  1 . 2 . 8  

and - b i s  a l e f t  m u l t i p l e  o f  2, i n  n o t a t i o n  a / b ,  i f  t h e r e  

e x i s t s  an e lement  c E H s u c h  t ha t  c o a = b .  

I f  a , b  E H ,  t h e n  a i s  a r i g h t  f a c t o r  o f  b - - 

D e f i n i t i o n  1 . 2 . 9  

( r i g h t )  f a c t o r s  of a i s  t h e  empty s e t  or { a )  i t s e l f .  An 

e l emen t  which i s  n o t  pr ime i s  c a l l e d  compos i t e .  An e l emen t  

a E H f o r  which a o a = a i s  c a l l e d  an idempoten t  e l e m e n t .  

An e l emen t  a E H i s  pr ime i f  t h e  s e t  of  

- 

D e f i n i t i o n  1 . 2 . 1 0  An e lement  a E H i s  a r i g h t  z e r o  e lement  

i f  f o r  a l l  x E H ,  x o a = a.  

D e f i n i t i o n  1 . 2 . 1 1  An e lement  a E H i s  a r i g h t  u n i t  e lement  

if f o r  a l l  x E H ,  x 0 a = x .  



CHAPTER TWO 

RESULTS 

I n  t h i s  c h a p t e r  we e s t a b l i s h  a p o i n t - s e t  t o p o l o g y  on an 

a rb i t r a ry  h a l f g r o u p o i d  and t h e n  i n v e s t i g a t e  t h e  r e l a t i o n s h i p s  

between some b a s i c  t o p o l o g i c a l  p r o p e r t i e s  and t h e  s t r u c t u r e  

o f  t h e  h a l f g r o u p o i d .  We r e f e r  t o  K e l l e y  [lo] f o r  d e f i n i t i o n s  

o f  terms r e l a t e d  t o  t o p o l o g y .  

2 . 1  THE IDEAL TOPOLOGY 

D e f i n i t i o n  2 . 1 . 1  A t opo logy  d e f i n e d  on a s e t  S i s  a mathe- 

m a t i c a l  sys t em c o n s i s t i n g  of a f a m i l y  T o f  s u b s e t s  o f  S ,  w i t h  

t h e  o p e r a t i o n s  o f  un ion  and i n t e r s e c t i o n ,  such  t h a t  t h e  

f o l l o w i n g  are  t r u e :  

i )  S and 0 are members o f  T ;  

t i )  t h e  un ion  o f  any number of  members o f  T 
i t s e l f  be longs  t o  T ;  

iii) t h e  i n t e r s e c t i o n  o f  any two,  and hence  any 
f i n i t e  number o f ,  members o f  T i t s e l f  
be longs  t o  T .  

The s e t  S ,  a l o n g  w i t h  a topo logy  T on S ,  c o n s t i t u t e s  a 

t o p o l o g i c a l  s p a c e  ( S ,  T ) .  The members o f  T are  c a l l e d  

open  s e t s  i n  S and t h e i r  complements a r e  c l o s e d  s e t s .  An 

( o p e n )  ne ighborhood 0 o f  a p o i n t  x E S i s  any ( o p e n )  s e t  
X 

8 
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c o n t a i n i n g  - x .  

A f a m i l y  B of  s u b s e t s  of S i s  a base f o r  t h e  t o p o l o g y  T 

i f  t h e  f a m i l y  of  a l l  p o s s i b l e  u n i o n s  o f  members of  B i s  t h e  

f a m i l y  T .  

A f a m i l y  s o f  s u b s e t s  of S i s  a s u b b a s e  f o r  t h e  t o p o l o g y T  

i f  t h e  f a m i l y  o f  a l l  f i n i t e  i n t e r s e c t i o n s  o f  members of  s 

y i e l d s  a base 8 f o r  T .  

D e f i n i t i o n  2 . 1 . 2  A t o p o l o g y  T i s  s a i d  t o  have t h e  p r o p e r t y  

of  c o m p l e t e l y  a d d i t i v e  c l o s u r e  i f  t h e  i n t e r s e c t i o n  of any 

number o f  members o f  T i s  i t s e l f  a member o f  T .  

Theorem 2 . 1 . 1  The f a m i l y  I L  o f  a l l  l e f t  i d e a l s  f o r  a h a l f -  

g r o u p o i d  H c o n s t i t u t e s  a topology w i t h  t h e  p r o p e r t y  o f  com- 

p l e t e l y  a d d i t i v e  c l o s u r e .  

P r o o f :  i )  C l e a r l y ,  H E 7 because  H 0 H S H ,  and (I E 7 

by d e f i n i t i o n .  
L '  L 

ii) L e t  {I 1 ,  where a i s  t h e  g e n e r a l  e l emen t  o f  an 
L" 

a r b i t r a r y  i n d e x  s e t ,  b e  a s e t  o f  e l e m e n t s  o f  7 . Then, 

~ J I I ~ " )  E Z L ,  f o r  i f  x E L J { I ~ ~ I ,  t h e n  x E I L k ,  f o r  some f i x e d  E, 

and y o x E ILk, f o r  a l l  y E H .  

a l l  y E H a n d ,  because  x i s  a r b i t r a r y ,  f o r  a l l  x E g({I 

Tha t  i s , H  0 ~ { I L a l € ~ { I L a l ,  and l&ILal E T L .  

Also, o { I L a l  E I L ,  f o r  i f  x E Q{I 

L 

a 
Hence, y o x E l$I 1 f o r  

1 .  
La 

L" - 

iii) 1 ,  t h e n  - x La 

L" , b e l o n g s  t o  e v e r y  ILa, and y o x must t h u s  b e l o n g  t o  e v e r y  I 

f o r  a l l  y E H .  

a g a i n  because  - x i s  a r b i t r a r y ,  f o r  a l l  x E @ILa}.  

Hence y 0 x E n{I,,1 f o r  a l l  y E H a n d ,  a 

T h a t  i s ,  
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It i s  a well-known r e s u l t  t h a t ,  i n  a t o p o l o g y  T h a v i n g  

c o m p l e t e l y  a d d i t i v e  c l o s u r e ,  t h e  f a m i l y  c o f  c l o s e d  s e t s  

unde r  T s a t i s f i e s  t h e  same axioms as t h e  f a m i l y  0 o f  open 

s e t s .  by  

c o n s i d e r i n g  t h e  f a m i l y  C t o  b e  open s e t s .  Hence i t  i s  a c t u -  

a l l y  immaterial  i n  Theorem 2 . 1 . 1  whe the r  we d e s i g n a t e  t h e  

f a m i l y  o f  l e f t  i d e a l s  t o  be  t h e  open o r  c l o s e d  sets; i n  e i t h e r  

c a s e  t h e y  d e f i n e  a t o p o l o g y .  However, i n  o b t a i n i n g  v a r i o u s  

r e s u l t s  r e l a t i n g  h a l f g r o u p o i d s  and t o p o l o g y  i t  i s  more con- 

v e n i e n t  and p e r h a p s  more n a t u r a l  t o  c o n s i d e r  t h e  i d e a l s  t o  be  

open s e t s .  T h e r e f o r e ,  we make t h e  f o l l o w i n g  f o r m a l  d e f i n i t i o n :  

Thus one can  o b t a i n  from T t h e  d u a l  t o p o l o g y  T *  

D e f i n i t i o n  2 . 1 . 3  The ( l e f t )  i d e a l  t o p o l o g y  on a h a l f g r o u p o i d  H 

i s  t h e  f a m i l y  of  a l l  ( l e f t )  i d e a l s  f o r  H .  

S i n c e  t h r o u g h o u t  o u r  d i s c u s s i o n  w e  do c o n s i d e r  o n l y  l e f t  

i d e a l s ,  f o r  s i m p l i c i t y  w e  r e p r e s e n t  by ( H , I  ) t h e  s p a c e  of  

t h e  ( l e f t )  i d e a l  t o p o l o g y  on a h a l f g r o u p o i d .  T h i s  e n a b l e s  

u s  t o  u s e  t h e  c o n v e n i e n t  n o t a t i o n  I, t o  d e n o t e  a l e f t  i d e a l  

c o n t a i n i n g  t h e  p o i n t  x ( s e e  D e f i n i t i o n  2 . 1 . 1 ) .  - 

We s h o u l d  p o i n t  o u t  h e r e  though t h a t ,  f rom t h e  p r o o f  o f  

Theorem 2 . 1 . 1 ,  i t  i s  obvious  t h a t  t h e  s e t  o f  a l l  r i g h t  i dea l s  

i n  H would a l s o  c o n s t i t u t e  a t o p o l o g y ,  as would t h e  s e t  of  a l l  

two-s ided  i d e a l s .  However, t h e  s e t  o f  a l l  p o s s i b l e  r i g h t ,  

l e f t ,  and two-s ided  i d e a l s  i n  g e n e r a l  i s  n o t  c l o s e d  unde r  

f i n i t e  i n t e r s e c t i o n s  and m u s t  t h e r e f o r e  be used  as a subbase  
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t o  o b t a i n  a topo logy  f o r  H ,  a s  shown by t h e  f o l l o w i n g  example:  

Example 2 . 1 . 1  L e t  t h e  h a l f g r o u p o i d  H be  d e f i n e d  as i n  t h i s  

Cayley t a b l e  : 

C C 

T h e n f  = { $ , H , t a , c I }  and I R  = { $ , H , t b , c I } ,  s o  ' t h e  f a m i l y  L 
I L  U 7~ = { $ , H , t a , ~ 1 , ~ b , c ~ } ~  But { a , C ) n { b , C I  = { c I ,  Which 

i s  n e i t h e r  a r i g h t  n o r  a l e f t  i d e a l  f o r  H .  However, l e t t i n g  

1,u ' IR b e  a s u b b a s e ,  we o b t a i n  T = { $ , H , { a , c 1 , ~ b , c I , { c I ~ ,  

which i s  i n d e e d  a t o p o l o g y  on H .  

I t  i s  a l s o  i n t e r e s t i n g  t o  n o t e  here  t h a t ,  whereas  a 

g i v e n  h a l f g r o u p o i d  de t e rmines  a un ique  ( l e f t )  i d e a l  t o p o l o g y ,  

a whole f a m i l y  ff of h a l f g r o u p o i d s  w i t h  t h e  same e l e m e n t s ,  

b u t  d i f f e r e n t  o p e r a t i o n s ,  may have  i d e n t i c a l  ( l e f t )  i d e a l  

t o p o l o g i e s  : 

Example 2 . 1 . 2  Cons ide r  t h e  f o l l o w i n g  h a l f g r o u p o i d s :  



1 2  

It  would of  c o u r s e  be  u s e f u l  t o  know e x a c t l y  which h a l f g r o u p -  

o i d s  have a g i v e n  ( l e f t )  i d e a l  t o p o l o g y ,  b u t  i t  a p p e a r s  f rom 

t h e  above examples  t h a t  t h e r e  i s  no s i m p l e  way o f  o b t a i n i n g  

t h i s  i n f o r m a t i o n  or o f  d e t e r m i n i n g  such  t h i n g s  as t h e  maximal 

and minimal  h a l f g r o u p o i d s  a s s o c i a t e d  w i t h  a p a r t i c u l a r  t o p o l o g y .  

It  r ema ins  an open q u e s t i o n  whether t h e s e  problems might  be  

s o l v e d  by d e f i n i n g  an  o r d e r i n g  on t h e  s e t  H ,  p e r h a p s  w i t h  

r e g a r d  t o  t h e  ( l e f t )  i d e a l  t o p o l o g y .  

2 . 2  C O N T I N U I T Y  OF OPERATION 

I n  t h e  g e n e r a l  t h e o r y  of t o p o l o g i c a l  g r o u p s ,  i t  i s  

r e q u i r e d  t h a t  t h e  g roup  o p e r a t i o n  be  c o n t i n u o u s  unde r  a g i v e n  

t o p o l o g y .  I n  t h i s  s e c t i o n  we p r e s e n t  a s u f f i c i e n t  c o n d i t i o n  

f o r  t h e  o p e r a t i o n  i n  a h a l f g r o u p o i d  t o  be c o n t i n u o u s  w i t h  

r e s p e c t  t o  t h e  ( l e f t )  i d e a l  t o p o l o g y .  

D e f i n i t i o n  2 . 2 . 1  The b i n a r y  o p e r a t i o n  o i n  a h a l f g r o u p o i d  H 

i s  s a i d  t o  be  c o n t i n u o u s  under  a topo logy  T i f ,  whenever 

a o b = c i n  H ,  f o r  e a c h  0, E T ,  t h e r e  e x i s t  O a ,  o b  E T ,  s u c h  

t h a t  oa 0 o b G o c .  

Theorem 2 . 2 . 1  I f ,  f o r  eve ry  composi te  e lement  c i n  a h a l f -  

g r o u p o i d  H ,  e v e r y  ( r i g h t )  f a c t o r  - b of  - c i s  s u c h  t h a t  b E ntIc>, 

t h e n  t h e  o p e r a t i o n  i n  H i s  c o n t i n u o u s  unde r  t h e  ( l e f t )  i d e a l  

- 

t o p o l o g y  1 .  

P r o o f :  Cons ide r  any a , b , c  E H f o r  which a o b = c y  and l e t  

IC E Z be an  a r b i t r a r y  ne ighborhood o f  - c .  If b = c y  t h e n  
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s a t i s f i e d .  

b E ~ E I , ) ;  

ne ighborhood O f  b .  

o I C s  IC f o r  any Ia E 7 ,  and t h e  c o n t i n u i t y  c o n d i t i o n  i s  a 
I f  b # e ,  t h e n  c i s  composi te  a n d ,  by h y p o t h e s i s ,  

t h e n  b E ( I b  n 1 ~ 1 ,  where I b  E 7 i s  a n  a r b i t r a r y  

- 

L e t  ( I b  f )  I C )  = I b .  I Then Ia 0 I b  1 L Ib 1 c 1 
C Y  - 

and a g a i n  t h e  c o n t i n u i t y  c o n d i t i o n  i s  s a t i s f i e d .  

C l e a r l y  Theorem 2 . 2 . 1  g i v e s  a v e r y  s t r o n g  s u f f i c i e n t  

c o n d i t i o n  f o r  c o n t i n u i t y  o f  o p e r a t i o n  i n  a h a l f g r o u p o i d ,  and 

t h i s  c o n d i t i o n  i s  c e r t a i n l y  n o t  a n e c e s s a r y  o n e ,  as shown by 

t h e  f o l l o w i n g  example:  

Example 2 . 2 . 1  Given t h e  h a l f g r o u p o i d  

i t  can  b e  shown t h a t  t h e  o p e r a t i o n  i n  H i s  c o n t i n u o u s  w i t h  

r e s p e c t  t o  t h e  ( l e f t )  i d e a l  t o p o l o g y ;  however a /b ,  b u t  

a E! n{Ib) because  a b { b , c ) .  

It i s  s t i l l  an  open q u e s t i o n  whe the r  t h e  h y p o t h e s i s  of  

Theorem 2 . 2 . 1  can b e  weakened i n  s u c h  a way as t o  c o n s t i t u t e  

b o t h  a n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n  f o r  c o n t i n u i t y  of  

o p e r a t i o n  i n  a h a l f g r o u p o i d  w i t h  r e s p e c t  t o  t h e  ( l e f t )  i d e a l  

t o p o l o g y .  
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2 . 3  SEPARATION A X I O M S  

A g e n e r a l  t o p o l o g i c a l  space  may have  v a r i o u s  s p e c i a l  

p r o p e r t i e s ,  among which t h e  s e p a r a t i o n  axioms are  t h e  s i m p l e s t .  

I n  t h i s  s e c t i o n  w e  i n v e s t i g a t e  t hese  axioms i n  terms of  t h e  

( l e f t )  i d e a l  t o p o l o g y  on a h a l f g r o u p o i d .  

D e f i n i t i o n  2 . 3 . 1  A t o p o l o g i c a l  s p a c e  ( S , T )  i s  s a i d  t o  

s a t i s f y  axiom T o  i f ,  g i v e n  two d i f f e r e n t  e l e m e n t s  o f  S ,  t h e r e  

i s  an  open s e t  i n  T c o n t a i n i n g  one and n o t  t h e  o t h e r .  

Lemma 2 . 3 . 1  

b E n{Ial f o r  I 

P r o o f :  C o n s i d e r  a n  a r b i t r a r y  I E 7 . S i n c e  a / b ,  t h e r e  e x i s t s  
a 

x E H s u c h  t h a t  x o a = b .  

b E I,. 

I f  two e l emen t s  a , b  E H a re  s u c h  t h a t  a / b ,  t h e n  

E 7 .  a 

Hence b E ( H  o I a ) G  I,, or 

Thus,  because  Ia i s  a r b i t r a r y ,  b E f ) { I a } .  

Theorem 2 . 3 . 1  The ( l e f t )  i d e a l  t o p o l o g y  7 on a h a l f g r o u p o i d  H 

s a t i s f i e s  axiom T o  i f ,  and on ly  i f ,  f o r  e v e r y  ( r i g h t )  nonze ro  

a E H ,  t h e r e  e x i s t s  an  I E I s u c h  t h a t  f o r  a l l  b E I ay  b # a ,  

- b i s  n o t  a ( r i g h t )  f a c t o r  of 2. 

P r o o f :  I F  L e t  a , b  E H ,  where a # b .  I f  a i s  a ( r i g h t )  zero 

e lemen t  t h e n  H o { a ) =  { a )  and {a}  i s  a p o i n t  i d e a l ,  s o  

axiom T o  i s  s a t i s f i e d .  I f  - a i s  n o t  a ( r i g h t )  z e r o  e l e m e n t ,  

by h y p o t h e s i s  t h e r e  e x i s t s  some I E 7 c o n t a i n i n g  no ( r i g h t )  

f a c t o r  of - a .  If b d I,, axiom T o  i s  s a t i s f i e d .  

t h e n  I a n  { a )  c o n t a i n s  by but  n o t  a, and i s  an  open s e t  i n  7 

b e c a u s e  H o ( Ia  n { a ) )  

a 

- - 

a 
If b E Ia ,  

'L 

'L 

( H  o Ia)  ( I an  { ; I ) ,  s i n c e  



% 

( H  0 Ia) Isa 1, and ( H  0 Ia) L { a ) .  

s a t i s f i e d .  

Hence, a g a i n ,  axiom To i s  

O N L Y  I F  Assume t h e r e  e x i s t s  a ( r i g h t )  nonze ro  a E H 

s u c h  t h a t  e a c h  Ia E 1 

i s  a ( r i g h t )  f a c t o r  o f  - a .  

c o n t a i n s  a v a r i a b l e  x E H, x # a ,  where x - 
Then n{Ia>,  i t s e l f  a ne ighborhood 

o f  5,  c o n t a i n s  some b E H, b # a ,  s u c h  t h a t  b / a .  But t h e n  

e v e r y  I 

c o n t a i n s  a, hence  ( H , I )  does  n o t  s a t i s f y  axiom T o .  
b c o n t a i n s  by and ,  b y  Lemma 2 . 3 . 1 ,  a E f ) { I b }  s o  e v e r y  I a 

D e f i n i t i o n  2 . 3 . 2  A t o p o l o g i c a l  s p a c e  ( S J )  i s  s a i d  t o  s a t i s f y  

axiom T,  i f ,  g i v e n  two d i f f e r e n t  e l e m e n t s  a , b  E S ,  t h e r e  

e x i s t s  one open s e t  Oa E T not  c o n t a i n i n g  by and a n o t h e r  open 

s e t  Ob E T n o t  c o n t a i n i n g  - a.  

1 

Theorem 2 . 3 . 2  The ( l e f t )  i d e a l  t o p o l o g y  1 on a h a l f g r o u p o i d  H 

s a t i s f i e s  axiom T,  i f ,  and only i f ,  e v e r y  e lement  of H i s  a 

p o i n t  i d e a l .  

P r o o f :  I F  Obvious.  
L 

ONLY I F  Assume t h e r e  e x i s t s  an  e lement  a E H which 

i s  n o t  a p o i n t  i d e a l .  

some b E H, b # a ,  such  t h a t  b E n{Ia}. 
c o n t a i n s  b, c o n t r a d i c t i n g  t h e  f a c t  t h a t  ( H , 1 )  s a t i s f i e s  

axiom T, .  

Then fl{Ia} # {a}  and t h e r e  must e x i s t  

But t h e n  e v e r y  1, 

C o r o l l a r y .  The t o p o l o g i c a l  s p a c e  ( H , I )  s a t i s f i e s  axiom T I  

i f ,  and on ly  i f ,  e v e r y  element  o f  H i s  a ( r i g h t )  z e r o  e l e m e n t .  

P r o o f :  I F  S i n c e  a ( r i g h t )  z e r o  e l emen t  i s  a p o i n t  i d e a l ,  

( H , 1 )  s a t i s f i e s  axiom T1 by  Theorem 2 . 3 . 2 .  

- 
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ONLY I F  Suppose t h e r e  e x i s t s  a E H such  t h a t  f o r  

some x E H ,  x 0 a = b y  where b # a .  Then a / b  and ,  by  Lemma 

2 . 3 . 1 ,  b E n{Ia>, s o  (HJ does n o t  s a t i s f y  axiom T , .  

We see from Theorem 2 . 3 . 2  t h a t  t h e  c o n d i t i o n s  u n d e r  

which t h e  ( l e f t )  i d e a l  topo logy  on a h a l f g r o u p o i d  s a t i s f i e s  

axiom T I  comple t e ly  c h a r a c t e r i z e s  ( H , l ) .  I n  f a c t  t h e  o n l y  

p o s s i b l e  v a r i a t i o n  i n  t h e  s t r u c t u r e  o f  t h e  h a l f g r o u p o i d  i s  i n  

t h e  domain of  d e f i n i t i o n  o f  t he  o p e r a t i o n ,  a s  shown by t h e  

above C o r o l l a r y .  Thus,  a l t h o u g h  t h e r e  are  s e v e r a l  o t h e r  

s t a n d a r d  t o p o l o g i c a l  s e p a r a t i o n  ax ioms,  a l l  o f  them imply ‘TI, 

s o  o u r  i n v e s t i g a t i o n  o f  t h e s e  axioms i n  r e l a t i o n  t o  t h e  ( l e f t )  

i d e a l  t o p o l o g y  i s  now comple te .  

The f o l l o w i n g  s i m p l e  examples h e l p  t o  i l l u s t r a t e  t h e  

v a r i a t i o n  i n  t h e  o p e r a t i o n  on a h a l f g r o u p o i d  when d i f f e r e n t  

s e p a r a t i o n  axioms a r e  s a t i s f i e d  by t h e  ( l e f t )  i d e a l  t o p o l o g y :  

Example 2 . 3 . 1  I n  t h e  h a l f g r o u p o i d  a c a b c  

w e  see t h a t  - c i s  a ( r i g h t )  nonze ro  e l e m e n t ,  b u t  e v e r y  IC E 7 

c o n t a i n s  - b and b / c ;  t h u s ,  by  Theorem 2 . 3 . 1 ,  T does n o t  even  

s a t i s f y  axiom T o .  



Example 2 . 3 . 2  I n  t h e  h a l f g r o u p o i d  a c a b c  

we see t h a t  c i s  a ( r i g h t )  nonzero  e l e m e n t ,  b u t  IC = { b , c )  

c o n t a i n s  no ( r i g h t )  f a c t o r  of  2; t h u s ,  by Theorem 2 . 3 . 1 ,  

7 s a t i s f i e s  axiom T o  , b u t  not  T,  , b y  Theorem 2 . 3 . 2 .  

- 

Example 2 . 3 . 3  I n  t h e  h a l f g r o u p o i d  

w e  see t h a t  e v e r y  e l emen t  i s  a p o i n t  i d e a l  a n d ,  b y  Theorem 

2 . 3 . 2 ,  7 s a t i s f i e s  axiom T , .  

2 . 4  CONNECTEDNESS 

I n  t h i s  s e c t i o n  w e  d i s c u s s  t h e  c o n d i t i o n s  unde r  which 

t h e  ( l e f t )  i d e a l  t opo logy  on a h a l f g r o u p o i d  i s  c o n n e c t e d .  

D e f i n i t i o n  2 . 4 . 1  A t opo logy  T on a s e t  S i s  connec ted  i f  

S i s  n o t  t h e  u n i o n  o f  two nonempty, d i s j o i n t ,  open s e t s  i n  T .  
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Theorem 2 . 4 . 1  The ( l e f t )  i d e a l  t o p o l o g y  1 on a h a l f g r o u p o i d  H 

i s  connec ted  i f ,  and on ly  i f ,  t h e r e  i s  no I E 7 such  t h a t  I E 7 .  

P r o o f :  T h i s  theorem i s  e s s e n t i a l l y  a r e s t a t e m e n t  o f  t h e  d e f i -  

n i t i o n  o f  t o p o l o g i c a l  connec tedness  i n  terms o f  t h e  ( l e f t )  

i d e a l  t o p o l o g y  on a h a l f g r o u p o i d ,  b u t  Lemma 2 . 4 . 1 ,  below,  

shows u n d e r  what c o n d i t i o n s  t h i s  t opo logy  a c t u a l l y  i s  connected. 

Lemma 2 . 4 . 1  Given any nonempty ( l e f t )  i d e a l  I i n  a h a l f g r o u p -  

o i d  H ,  I i s  a l s o  a ( l e f t )  i d e a l  i n  H i f ,  and o n l y  i f ,  I i s  a 

s u b h a l f g r o u p o i d  and ( I  0 ? ) f l  I i s  empty. 

P r o o f :  S i n c e  (H 0 1) = ( I  ut) 0 I = (I 0 

and I o ? C I ,  by h y p o t h e s i s ,  and 1 0 I C- I ,  because  I i s  a 

s u b h a l f g r o u p o i d ,  t h e n  H o I C  I and I i s  a ( l e f t )  i d e a l  i n  H .  

'L 

2, 'L 

'L 

IF u C? 0 ? I ,  
'L 'L ' L ' L  'L 

% %  'L 

% 'L ' L L  
ONLY I F  If I i s  n o t  a s u b h a l f g r o u p o i d ,  t h e n  I o I e  I 

'L 'L 
and I i s  t h u s  n o t  a ( l e f t )  i d e a l .  S i m i l a r l y ,  i f  ( I  0 I )  n I 
i s  nonempty, t h e n  I 0 I e  I and a g a i n  I canno t  be a ( l e f t )  

i d e a l .  

'L 'L 'L 
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CHAPTER THREE 

APPLICATIONS 

Because o f  t h e  v e r y  g e n e r a l  n a t u r e  o f  t h e  a l g e b r a i c  

sys t em which we have been d i s c u s s i n g ,  and b e c a u s e ,  as t h e  

r e s u l t s  i n  t h e  p r e c e d i n g  c h a p t e r  i n d i c a t e ,  t h e r e  a r e  some 

ra ther  s i m p l e  r e l a t i o n s h i p s  between t h i s  a l g e b r a i c  sys t em and 

a d i f f e r e n t  t y p e  of  ma themat i ca l  s y s t e m ,  a t o p o l o g y ,  t h e r e  

a p p e a r  t o  be many o p p o r t u n i t i e s  f o r  u t i l i z i n g  and e x t e n d i n g  

t h e  r e s u l t s  which w e  have o b t a i n e d  h e r e i n .  

I n  t h i s  c h a p t e r  we i n t r o d u c e  i n  some d e t a i l  a p a r t i c u l a r  

e x t e n s i o n  of  o u r  c o n n e c t i o n  between a l g e b r a  and t o p o l o g y  t o  

i n c l u d e  a t h i r d  ma themat i ca l  s t r u c t u r e ,  t h e  d i r e c t e d  g r a p h .  

We t h e n  d i s c u s s  b r i e f l y  some a l r e a d y  known r e s u l t s  f rom work 

b e i n g  done on a problem r e l a t e d  t o  our own. F i n a l l y ,  w e  

p r e s e n t  a s h o r t  g e n e r a l  su rvey  of  some p o s s i b i l i t i e s  f o r  

a p p l y i n g  t h e  n o t i o n  of an i d e a l  t o p o l o g y  on a h a l f g r o u p o i d  

t o  v a r i o u s  o t h e r  t y p e s  of ma themat i ca l  p rob lems .  

3.1 THE DIGRAPH TOPOLOGY 

F i r s t  w e  mus t  s t a t e  some b a s i c  d e f i n i t i o n s  from t h e  

t h e o r y  of g r a p h s .  F o r  f u r t h e r  e x p l a n a t i o n  of  n o t a t i o n  r e l a t e d  

t o  g r a p h  t h e o r y  and a more comple te  a n a l y s i s  o f  g r a p h s ,  

19 
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d i r e c t e d  g r a p h s ,  and t h e  d i g r a p h  t o p o l o g y ,  w e  r e f e r  t o  

Ahlborn [l], Berge [ 2 1 ,  Bhargava C31, [4l, and Bhargava and 

Ahlborn [SI. 

D e f i n i t i o n  3 . 1 . 1  A b i n a r y  r e l a t i o n ,  d e n o t e d  by  fl , d e f i n e d  

on a s e t  S, i s  a s e t  E o f  o r d e r e d  p a i r s ,  where @ G E E  G ( S  x S). 

T h i s  s e t  E may o r  may n o t  have v a r i o u s  s p e c i a l  p r o p e r t i e s .  

If ( a , b )  E E, w e  s a y  a i s  r e l a t e d  t o  b or a a b = 1. -9 

% 
If ( a , b )  E E, t h e n  a i s  n o t  r e l a t e d  t o  by or a b = 0 .  - 

We see t h a t  by e x t e n d i n g  t h e  concep t  of  a b i n a r y  r e l a t i o n ,  

a s e t  of o r d e r e d  p a i r s ,  a s  d e f i n e d  above ,  t o  a t e r n a r y  r e l a t i o n ,  

a s e t  of  o r d e r e d  t r i p l e s ,  we f i n d  t h a t  a b i n a r y  o p e r a t i o n  i s  

e x a c t l y  ana logous  t o  a t e r n a r y  r e l a t i o n ,  and hence  now make 

t h e  f o l l o w i n g  a l t e r n a t e  d e f i n i t i o n  o f  an  o p e r a t i o n  ( s e e  

D e f i n i t i o n  1 . 2 . 2 ) :  

D e f i n i t i o n  3 . 1 . 2  A b i n a r y  o p e r a t i o n  d e f i n e d f o r  a s e t  S i s  a 

s e t  F of o r d e r e d  t r i p l e s ,  where 0 S F §(S x S x S )  . 
We n o t e  t h a t  i n  terms of o u r  o r i g i n a l  d e f i n i t i o n  

F = { ( ( a , b ) , c ) :  a o b = e i n  H), 

D e f i n i t i o n  3 . 1 . 3  A d i g r a p h  r ( d i r e c t e d  g r a p h )  c o n s i s t s  o f  

a s e t  o f  e l e m e n t s  A and a b i n a r y  r e l a t i o n  d e f i n e d  on t h e  

s e t .  

The d i g r a p h  r(A,E) i s  r e p r e s e n t e d  g r a p h i c a l l y  by a s e t  

o f  p o i n t s ,  or v e r t i c e s ,  A = { a , b , c  , . . . I ,  and a s e t  o f  d i r e c t e d  

e d g e s ,  E = { ( a , b ) ;  a , b  E A ,  a b = 11, j o i n i n g  c e r t a i n  

p a i r s  of  t h e s e  v e r t i c e s .  
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D e f i n i t i o n  3 . 1 . 4  The d i g r a p h  t o p o l o g y  T on r ( A , E )  i s  t h e  

f a m i l y  of  a l l  s u b s e t s  U S A  such t ha t  ( 5  x U) f) E = 4 ,  

i s , t h e  s e t  U S A  i s  open under  T i f  t h e r e  a re  no edges  i n  E 

o r i g i n a t i n g  i n  U which te rmina te  i n  U .  

That 

'L 

It has been  shown (Ahlborn [l], Bhargava and Ahlborn [51) 

t h a t  t h e  f a m i l y  o f  a l l  s u c h  s u b s e t s  U S A  does  i n d e e d  c o n s t i -  

t u t e  a t o p o l o g y  on t h e  d i g r a p h  r ( A , E ) .  F u r t h e r m o r e ,  t h e  map- 

p i n g  of  t h e  s e t  o f  a l l  p o s s i b l e  d i g r a p h s  o n t o  t h e  s e t  of a l l  

d i g r a p h  t o p o l o g i e s  i s  a many-to-one c o r r e s p o n d e n c e ,  as i s  t h e  

mapping o f  t h e  s e t  o f  a l l  h a l f g r o u p o i d s  o n t o  t h e  s e t  of  a l l  

( l e f t )  i d e a l  t o p o l o g i e s  ( s e e  s e c t i o n  2 . 1 ) .  

We now c o n s t r u c t  mappings between t h e  c l a s s  ff o f  a l l  

h a l f g r o u p o i d s  and t h e  c l a s s  o f  a l l  d i g r a p h s  s u c h  t h a t  unde r  

t hese  mappings t h e  s e t  of a l l  h a l f g r o u p o i d s  H E ff h a v i n g  a 

p a r t i c u l a r  ( l e f t )  i d e a l  topo logy  I c o r r e s p o n d s  t o  t h e  s e t  o f  

a l l  d i g r a p h s  r E D h a v i n g  t h e  d i g r a p h  topo logy  T where 7 and T 

are i d e n t i c a l  t o p o l o g i e s .  

I n  o r d e r  t o  f a c i l i t a t e  n o t a t i o n  and t o  emphas ize  t h e  

~ ,*. s i m i l a r i t i e s  between h a l f g r o u p o i d s  and d i g r a p h s ,  i n  t h e  

f o l l o w i n g  d i s c u s s i o n  we w i l l  d e n o t e  a h a l f g r o u p o i d  as (H,F), 

where H ,  as u s u a l ,  i s  t h e  s e t  o f  e l e m e n t s ,  and F i s  t h e  b i n a r y  

o p e r a t i o n  f o r  H ,  as i n  D e f i n i t i o n  3 . 1 . 2 .  

C o n s t r u c t i o n  

PART I .  L e t  ff be  t h e  fami ly  of  a l l  h a l f g r o u p o i d s  and l e t  V 

b e  t h e  f a m i l y  o f  a l l  d i g r a p h s .  



L e t  J, be a mapping o f  t h e  s e t  ff i n t o  t h e  s e t  s u c h  

t h a t  $ (H ,F)  = r ( H , E ) ,  where E = { ( c , b ) :  ( ( x , b ) , c )  E F ) .  

L e t  $- I  be  a mapping o f  t h e  s e t  i n t o  t h e  s e t  ff 

s u c h  t h a t  d ~ - ~ [ r ( H , E ) l  = (H,F) ,  where F = { ( ( c , b ) , c ) :  

PART I1 L e t  H be a s e t  of  e l emen t s  of  a r b i t r a r y  o r d e r  n 

and l e t  T be  a n  a r b i t r a r y  topo logy  on t h e  s e t  H .  

( c , b )  E E } .  

- 9  

L e t  ff, = { ( H y F i ) :  i = ly2y...}y where t h e  ( l e f t )  

i d e a l  t o p o l o g y  on (H,Fi) i s  T .  

L e t  0, = { r ( H y E i ) :  i = 1,2,...}, where t h e  d i g r a p h  

t o p o l o g y  on r ( H , E I )  i s  T .  

I n  t h e  above c o n s t r u c t i o n  we s e e  t h a t  t h e  mapping J, i s  

a many-to-one co r re spondence  o f  h a l f g r o u p o i d s  t o  d i g r a p h s ,  

and  t h a t  J , - ’ ,  w h i l e  n o t  a n  e x a c t  i n v e r s e  of  9 ,  h a s  been  mod- 

i f i e d  o n l y  s l i g h t l y  i n  o r d e r  t o  make i t  a l s o  a many-to-one 

( a c t u a l l y  a one-to-one)  mapping o f  d i g r a p h s  o n t o  h a l f g r o u p o i d s .  

The f o l l o w i n g  theorem shows t h a t  t h e s e  mappings J, and J,-’ 

e s t a b l i s h  a t o p o l o g i c a l  co r re spondence  between h a l f g r o u p o i d s  

and  d i g r a p h s  i n  s u c h  a manner t h a t  t h e  ( l e f t )  i d e a l  t o p o l o g y  

i s  e x a c t l y  t h e  same as t h e  d i g r a p h  t o p o l o g y .  

Theorem 3 . 1 . 1  Given t h e  mappings J , :  ff + D and J,-’ :D -f /-I as 

i n  P a r t  I ( a b o v e ) ,  and g iven  t h e  s e t s  ff,s ff and D o  as 

i n  Pa r t  11, t h e n  ( a )  + ( n o >  = D O  and ( b )  $ - ’ ( D o )  s f f o .  

P r o o f :  ( a )  L e t  (H ,F . )  E ff, be an  a r b i t r a r y  h a l f g r o u p o i d  

h a v i n g  t h e  ( l e f t )  i d e a l  t opo logy  T ,  and l e t  J , (H,Fj)  = r ( I3 ,E . l .  
J 

J 
L e t  T be t h e  d i g r a p h  topology on r ( H , E . ) .  We have  t o  show 

J 
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T = T .  L e t  0 E T ,  b u t  assume 0 L T .  Then H o O G O  and t h e r e  

must  e x i s t  b , c  E H ,  b E 0 ,  c E 0 ,  such  t h a t  ( ( x , b ) , c )  E F . 
But t h e n  ( c , b )  E E 

t h e  f a c t  t h a t  0 E T .  T h e r e f o r e ,  n e c e s s a r i l y  0 E T and ,  

'L 

j 
s o  ( c , b )  E [ ( a  x 0) f l  E j ] ,  c o n t r a d i c t i n g  

j '  

because  0 was chosen a r b i t r a r i l y ,  T S T .  C o n v e r s e l y ,  l e t  

0 E T ,  b u t  assume 0 d T .  Then (0  x 0)n E .  # 0 and t h e r e  e x i s t  

b , c  E H ,  b E 0, c E 0 ,  s u c h  t h a t  ( c , b )  E E . However, t h i s  

i m p l i e s  there i s  a t  l ea s t  one x E H s u c h  t h a t  ( ( x , b ) , c )  E F 

and t h i s  i n  t u r n  i m p l i e s  H o O S O ,  c o n t r a d i c t i n g  t h e  f a c t  

'L 

J 
2, 

j 

j y  

t h a t  0 E T .  T h e r e f o r e ,  n e c e s s a r i l y  0 E T a n d ,  a g a i n  because  0 

was chosen  a r b i t r a r i l y ,  T ST. F i n a l l y ,  s i n c e  T S T  and 

T G ' I ,  'I = T and r ( H , E . )  E D o ,  showing t h a t  J I ( f f , ) S D o .  
J 

To show t h a t  J l ( f f 0 )  = P O  we f i r s t  p rove  p a r t  ( b ) .  

( b )  L e t  T ( H , E k )  E D O  b e  an a r b i t r a r y  d i g r a p h  h a v i n g  

t h e  d i g r a p h  t o p o l o g y  T ,  and l e t  J I - ' [ r ( H , E k ) ]  = (H ,Fk) .  

b e  t h e  ( l e f t )  i d e a l  topo logy  on (H ,Fk) .  

2 = T .  

and t h e r e  e x i s t  b , c  E H ,  b E 0 ,  c E 0 ,  such  t h a t  ( c , b )  E E k .  

But t h i s  means ( ( c , b ) , c )  E Fk and H o 0 S 0 ,  c o n t r a d i c t i n g  

t h e  f a c t  t h a t  0 E I  . Hence n e c e s s a r i l y  0 E T a n d ,  because  

L e t  7 

We have to show 

Then ( 0  x 0) nEk # + 'I, 

L e t  0 E I , b u t  assume 0 F! T .  
'L 

0 i s  a r b i t r a r y ,  7 L T .  Conver se ly ,  l e t  0 E T and assume 0 g! 7 .  

Then H o 0 e 0 and t h e r e  e x i s t  b , c  E H ,  b E 0 ,  c E 0 ,  such  

t h a t  ( ( c , b ) , c )  E Fk. 

o f  (H,Fk) a u t o m a t i c a l l y  t h e  g e n e r a l  e l emen t  ( ( x , b ) , c )  ,e! F . )  

But ( ( c , b ) , c )  E Fk i m p l i e s  ( c , b )  E E k ,  s o  ( c , b )  E [ ( a  X 0 ) n  Ek], 

% 

(We n o t e  t h a t  by t h e  c o n s t r u c t i o n  

k 
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c o n t r a d i c t i n g  t h e  f a c t  t h a t  0 E T .  Hence n e c e s s a r i l y  0 E 7 

and,  because  0 i s  a r b i t r a r y ,  T S T .  F i n a l l y ,  because  T 5 T 

and T G 7  , 7 = 7 and (H,Fk) E ff,, showing t h a t  $ - ' ( D o )  C H o .  

It i s  now c l e a r  t h a t  $ ( f f o )  = 0, s i n c e  e v e r y  r ( H , E i )  E D O  has 

t h e  i n v e r s e  image i n  ff, g i v e n  by t h e  d e f i n i t i o n  of  $'l i n  

Par t  I o f  o u r  c o n s t r u c t i o n .  

Summarizing b r i e f l y ,  i n  t h i s  s e c t i o n  we began by r e d e f i n -  

i n g  a b i n a r y  o p e r a t i o n  as a t e r n a r y  r e l a t i o n ,  s o  as t o  make 

more a p p a r e n t  a r a t h e r  n a t u r a l  c o n n e c t i o n  between h a l f g r o u p o i d s  

and d i g r a p h s .  We t h e n  p r e s e n t e d  t h e  s t a n d a r d  d e f i n i t i o n  o f  

t h e  d i g r a p h  t o p o l o g y  and showed t h a t  o u r  ( l e f t )  i d e a l  t o p o l o g y  

i s  i d e n t i c a l  w i t h  t h e  d i g r a p h  topo logy  unde r  a p p r o p r i a t e  map- 

p i n g s  between h a l f g r o u p o i d s  and d i g r a p h s ,  t h e r e b y  e s t a b l i s h i n g  

c o n n e c t i o n s  among t h e  t h r e e  d i f f e r e n t  m a t h e m a t i c a l  f i e l d s  of  

a l g e b r a ,  t o p o l o g y ,  and g raph  t h e o r y .  

3 . 2  A CONVERSE PROBLEM 

Throughout t h i s  t h e s i s  our approach  t o  t h e  s t u d y  of  t h e  

r e l a t i o n s h i p s  between an a l g e b r a i c  sys t em and a t o p o l o g y  has 

been  g e n e r a l l y  t h a t  o f  d e t e r m i n i n g  t h e  s t r u c t u r e  o f  a h a l f -  

g r o u p o i d ,  g i v e n  t h e  p r o p e r t i e s  o f  t h e  c o r r e s p o n d i n g  ( l e f t )  

i d e a l  t o p o l o g y .  A c o n s i d e r a b l e  amount of  r e s e a r c h  has been  

done by  Hanson (see [ 9 ] )  on a somewhat c o n v e r s e  problem,  t h a t  

of  d e t e r m i n i n g  t o p o l o g i c a l  s t r u c t u r e s  on a g i v e n  a l g e b r a i c  

sys tem.  He l i m i t s  h i s  c o n s i d e r a t i o n  a lmos t  e n t i r e l y  t o  g r o u p o i d s  
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and t o  t h o s e  t o p o l o g i e s  under  which t h e  g r o u p o i d  o p e r a t i o n  i s  

c o n t i n u o u s  ( o r  c o m p a t i b l e ) .  He b e g i n s  w i t h  an i n v e s t i g a t i o n  

of t o p o l o g i c a l l y  t r i v i a l  systems ( t h o s e  a l g e b r a i c  systems f o r  

which t h e  o n l y  p e r m i s s i b l e  t o p o l o g i e s  a re  t h e  d i s c r e t e  and 

i n d i s c r e t e ) ,  and t h e n  c o n t i n u e s ,  a n a l y z i n g  sys t ems  p o s s e s s i n g  

v a r i o u s  t y p e s  o f  more s p e c i a l i z e d  t o p o l o g i e s .  He a l s o  s t u d i e s  

t h e  concep t  of  g e n e r a l i z e d  i d e a l  ( a  s u b s e t  o f  a g r o u p o i d  G 

whose complement i s  a basis  of s i n g l e t o n  s e t s  f o r  an admiss ib l e  

t o p o l o g y  on G ) .  I n  g e n e r a l ,  Hanson ' s  work i s  of  a complemen- 

t a r y  n a t u r e  t o  ours i n  t h e  r e l a t i n g  o f  a l g e b r a  and t o p o l o g y ,  

and though there  a re  p robab ly  mean ingfu l  ways  o f  c o r r e l a t i n g  

t h e s e  two a p p r o a c h e s ,  such  a problem i s  beyond t h e  scope  o f  

t h i s  t h e s i s .  

3 .3  C O N C L U D I N G  REMARKS 

Whenever a s i g n i f i c a n t  r e l a t i o n s h i p  between a p p a r e n t l y  

d i f f e r e n t ,  b u t  a b s t r a c t l y  s imi la r ,  m a t h e m a t i c a l  sys t ems  i s  

d i s c o v e r e d ,  t h e  p o s s i b i l i t i e s  f o r  a p p l y i n g  t h e  r e s u l t s  a re  

a u t o m a t i c a l l y  m u l t i p l i e d .  I n f o r m a t i o n  known i n  terms o f  one 

s y s t e m  can  be  more r e a d i l y  i n t e r p r e t e d  i n  t e rms  of  t h e  o t h e r ,  

and s o l u t i o n s  t o  problems i n  one f i e l d  may o f t e n  produce  

c o r r e s p o n d i n g  s o l u t i o n s  t o  s imi la r  problems i n  t h e  r e l a t e d  

f i e l d .  

By f i r s t  e s t a b l i s h i n g  a s i m p l e  c o n n e c t i o n  between a l g e b r a  

and  t o p o l o g y  and t h e n ,  i n  t u r n ,  r e l a t i n g  these  t o  d i r e c t e d  

g r a p h s ,  w e  have p e r h a p s  opened one way f o r  problems i n  s u c h  
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d i v e r s e  f i e l d s  as number t h e o r y ,  p r o b a b i l i t y ,  s t a t i s t i c s ,  

g roup  t h e o r y ,  and p o i n t - s e t  t opo logy ,  t o  b e  c o n s i d e r e d  from 

s e v e r a l  d i f f e r e n t  p o i n t s  of view. I n  t h i s  way i t  i s  hoped 

t h a t  new i n s i g h t  might  b e  g a i n e d  i n t o  t h e  s o l u t i o n s  p a r t i c u -  

l a r l y  of v a r i o u s  c o u n t i n g  and maximal-minimal p rob lems ,  as 

w e l l  as t h e  answers  t o  many o t h e r  q u e s t i o n s  p e r t i n e n t  t o  

t h e s e  f i e l d s  o f  ma themat i c s .  
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APPENDIX 

I n  a d d i t i o n  t o  t h e  approach  f o l l o w e d  i n  t h i s  t h e s i s  f o r  

l i n k i n g  f i rs t  a l g e b r a  and t o p o l o g y ,  and t h e n  a l g e b r a  and 

g r a p h s ,  t h r o u g h  a t o p o l o g i c a l  c o r r e s p o n d e n c e ,  t h e r e  a re  s e v e r a l  

o t h e r  ways of  e s t a b l i s h i n g  c o n n e c t i o n s  among t h e s e  t h r e e  

m a t h e m a t i c a l  s y s t e m s ,  and h e r e  w e  w i l l  v e ry  b r i e f l y  o u t l i n e  

two o t h e r  approaches  a l o n g  which some r e s e a r c h  has a l r e a d y  

been  done and from which u s e f u l  r e s u l t s  have been  o b t a i n e d  ( see  

Bhargava and Ohm [ 6 ] > .  For  d e f i n i t i o n s  o f  s p e c i a l  terms 

r e l a t e d  t o  g r a p h s ,  we r e f e r  p a r t i c u l a r l y  t o  Berge 1 2 3 .  

F i r s t ,  t h e r e  a r e  many d i f f e r e n t  mappings which may b e  

d e f i n e d  between t h e  f a m i l y  o f  a l l  h a l f g r o u p o i d s  and t h e  f a m i l y  

o f  a l l  d i g r a p h s ,  i n  a d d i t i o n  t o  t h e  ones  a l r e a d y  g i v e n  i n  

s e c t i o n  3 . 1 .  For example,  t h e  f o l l o w i n g  t h r e e  have been  s t u d -  

i e d  t o  some e x t e n t  and appea r  t o  show promise  of l e a d i n g  t o  

f u r t h e r  u s e f u l  r e s u l t s :  

i) q I ( H , F )  = r ( H , E ) ,  where ( a , b )  E E i f  

( ( a , b ) , x )  E F; 

ii) q,(H,F) = r ( H , E ) ,  where t h e r e  i s  a p a t h  

from - a t o  b - i f  ( ( a , b ) , x )  E F ;  

iii) q3(H,F)  = r ( H , E ) ,  where ( a , c )  E E i f  

( ( a , x ) , c )  E F.  

28 
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I 

It was found t h a t  of  t h e s e  t h r e e  mappings,  $ 3  d e f i n e s  t h e  most 

g e n e r a l l y  i n t e r e s t i n g  r e l a t i o n s h i p  between h a l f g r o u p o i d s  and 

d i g r a p h s :  f o r  example,  a c y c l i c  g r o u p o i d  y i e l d s  a g r a p h  pos-  

s e s s i n g  a Hami l ton ian  l i n e  whose l e n g t h  i s  t h e  o r d e r  o f  t h e  

g e n e r a t i n g  e l emen t  of  t h e  g roupo id ;  pr ime e l e m e n t s  map i n t o  

u n a c c e s s i b l e  p o i n t s ,  and idempoten t s  i n t o  l o o p s ;  an a n t i h a l f -  

g r o u p o i d  i s  r e l a t e d  t o  t h e  k e r n e l  of  a g r a p h ,  and a s s o c i a t i v i t y  

or commuta t iv i ty  o f  t h e  h a l f g r o u p o i d  o p e r a t i o n  t o  t h e  v a l e n c y  

o r  d e n s i t y  of  v e r t i c e s  i n  t h e  g r a p h .  

The second main approach  i n v e s t i g a t e d  was t h a t  of  l i n k i n g  

a l g e b r a  and topo logy  t h r o u g h  a two-s ided  i d e a l  t o p o l o g y  on a 

h a l f g r o u p o i d ,  and theorems c o r r e s p o n d i n g  t o  t h o s e  a p p e a r i z g  i n  

C h a p t e r  Two were f i rs t  o b t a i n e d  u s i n g  t hese  two-sided i d e a l s .  

However, i t  was t h e n  observed  t h a t ,  by c o n s i d e r i n g  t h e  more 

g e n e r a l  c a s e  of  a one - s ided  i d e a l ,  a t o p o l o g y  c o u l d  s t i l l  be  

o b t a i n e d ,  and ,  f u r t h e r m o r e ,  t h a t  by u s i n g  a m o d i f i e d  v e r s i o n  

o f  t h e  mapping q 3 ,  t h e  t o p o l o g i c a l  co r re spondence  as d e s c r i b e d  

i n  s e c t i o n  3 . 1  c o u l d  b e  o b t a i n e d .  

Thus i t  was a combina t ion  o f  t h e  two approaches  o u t l i n e d  

above t h a t  was f i n a l l y  fo l lowed  i n  d e v e l o p i n g  t h i s  t h e s i s .  

However, i t  i s  s t i l l  f e l t  t h a t  t h e  many v a r i o u s  p o s s i b l e  re la -  

t i o n s h i p s  between t h e s e  d i f f e r e n t  m a t h e m a t i c a l  f i e l d s  s h o u l d  

be  f u r t h e r  e x p l o r e d ,  i n  o r d e r  t o  o b t a i n  wha teve r  r e s u l t s  which 

may be o f  v a l u e  when a p p l i e d  t o  v a r i o u s  s i t u a t i o n s .  


